The aim of this paper is to generalise the notion of p-stability (p is an odd prime) in finite group theory to fusion systems. We first compare the different definitions of p-stability for groups and examine properties of p-stability concerning subgroups and factor groups. Motivated by Glauberman's theorem, we study the question how Qd(p) is involved in finite simple groups. We show that with a single exception a simple group involving Qd(p) has a subgroup isomorphic to either Qd(p) or a central extension of Qd(p) by a cyclic group of order p. Then we define p-stability for fusion systems and characterise some of its properties. We prove a fusion theoretic version of Thompson's maximal subgroup theorem. We introduce the notion of section p-stability both for groups and fusion systems and prove a version of Glauberman's theorem to fusion systems. We also examine relationship between solubility and p-stability for fusion systems and determine the simple groups whose fusion systems are Qd(p)-free.
Introduction
Throughout, let p be an odd prime. The concept of p-stability goes back to the middle of the 1960s. It was originally defined by D. Gorenstein and J. H. Walter in [GW64] but, since then, it has undergone several modifications. p-stability was investigated by G. Glauberman and also played a role in the classification of finite simple groups. In the 1960s, several different definitions of p-stability arose and, at a first sight, these definitions appear not to be equivalent. In Section 1 of the present paper we go around the notion of p-stability and examine some basic properties that do not seem to have been considered so far. We show that p-stability inherits to subgroups but not to factor groups. The smallest group which is not p-stable is the semidirect product of SL 2 (p) with an elementary Abelian group of order p 2 (acted on by SL 2 (p) in the natural way). Glauberman denoted this group by Qd(p) and showed that a group does not involve Qd(p) if and only if all of its sections are p-stable. For further investigation, we define the concept of section p-stability and give a new version of Glauberman's theorem (see 1.20).
As a consequence, we give a slight refinement of Glauberman's theorem, see Theorem 8.12.
As the Sylow p-subgroups of Qd(p) are extraspecial of exponent p and order p 3 , we study the fusion systems defined on this group in Secion 10. We show that with trivial exceptions all of these fusion systems are non-p-stable and non-soluble.
Finally, we apply our group theoretic results to fusion systems and investigate the relationship between solubility, p-stability and section p-stability for fusion systems in Ssection 11.
Summary on p-stable groups
In the literature, we can find different definitions of p-stability for groups. Unfortunately, the four definitions are (pairwise) different and it is not clear at all whether they are equivalent. For the sake of completeness, we cite all four definitions. Glauberman proves that the definition in [Gla71] is equivalent to that in [Gor68] , but the one in a later edition of the same book (see [Gor07] ) appears to be non-equivalent to that in [Gor68] . Later in the literature the definition in [Gla71] is used (see e. g. in [HB98] or [SGL05] ). However, results from [Gla68] have great importance and are oft cited, so the equivalence of these definitions might be crucial. In the following, we shall compare the two definitions by examining some properties of p-stability.
The original definiton of Gorenstein and Walter is the following: Definition 1.1 (Gorenstein-Walter, 1964). Let G be a finite group. Let S be the largest soluble normal subgroup of G. Let p be a prime that divides |S|. Let P be a Sylow p-subgroup of O p ′ ,p (S) and Q P such that (i) O p ′ (S)Q ⊳ G and (ii) O p N G (Q)/C G (Q)P = 1. We shall say that G is p-stable provided the following condition holds for any such subgroup Q:
If A is a p-subgroup that normalises Q and satisfies the commutator identity [Q, A, A] = 1, then A ⊆ P C G (Q).
Gorenstein's advanced definition in [Gor68] :
Definition 1.2 (Gorenstein, 1968). Let G be a finite group and p an odd prime. G is called p-stable if the following condition is satisfied:
If K is a normal subgroup of G, P is a p-subgroup of K with G = KN G (P ), and A is a p-subgroup of N G (P ) such that [P, A, A] = 1, then
In [Gor07] , the above group K is specified as O p ′ (G).
The definition appearing in [Gla68] is as follows: but this case is trivial). Now, V is self-centralising, so N Qd(p) (V )/C Qd(p) (V ) ∼ = SL 2 (p). The element
satisfies the commutator relation [Q, x, x] = 1. Nevertheless, x is not contained in O p (SL 2 (p)) since the latter is trivial. In the literature, this group is of great importance.
The next lemma gives a well-known description of Qd(p) as a matrix group (see Example 7.5 in [HB82, p. 494 where ad − bc = 1. This subgroup intersects Z(SL 3 (p)) trivially and hence maps isomorphically into P SL 3 (q).
As already mentioned, we shall focus on the latter two definitions of Glauberman. The first question concerning p-stability is whether these two definitions are equivalent. This question is important especially as theorems proved with Definition 1.3 in [Gla68] are often cited when using Definition 1.4 of p-stability. Nevertheless, this problem does not seem to have been dealt with.
A group G with O p (G) = 1 which is p-stable according to Definition 1.4 also satisfies Definition 1.3, simply because more subgroups Q are considered there. There are also some natural questions concerning p-stability which do not seem to have been considered so far, such as whether a subgroup or a factor group of a p-stable group is necessarily p-stable (according to any of the definitions).
In the following, we answer the questions asked above. In [Gag76, p. 82] it is shown that the semidirect product of A 8 with an elementary Abelian group of order 3 8 is 3-stable according to Definition 1.3 and it contains a subgroup isomorphic to Qd(3). Hence this definition does not inherit to subgroups. However, we can prove the following proposition using Definition 1.4 of p-stability: Proof. By [Gag76, p. 82] , the group G = V ⋉ A 8 is 3-stable according to Definition 1.3, but it is certainly not p-stable according to Definition 1.4 as G contains a subgroup isomorphic to Qd(3) which is not 3-stable.
Corollary 1.11. A group G is p-stable according to Definition 1.4 if and only if N G (Q) is p-stable for all non-cyclic p-subgroups Q of G.

Proof. Note that Aut(Q) is Abelian if Q is cyclic. So cyclic p-subgroups of
G satisfy the p-stability condition, and hence this only needs to be verified for non-Abelian subgroups Q.
From now on, we use Definition 1.4 for p-stability (unless otherwise stated explicitly).
The next question is about factor groups. In [Gag76, p. 88] it is shown that G/O p ′ (G) is p-stable if G is so. Although Gagen uses Definition 1.3, the proof can be easily carried over to Definition 1.4, too.
The next example shows that a factor group of a p-stable group need not be p-stable in general. We are thankful to professor O. Yakimova for pointing out this example. 
2 ). Moreover, the images a and b under the homomorphism E → V ofã andb, respectively, generate V . It is well-known that the automorphism group of E has a subgroup isomorphic to SL 2 (p) and the action of SL 2 (p) onã andb is the same as on a and b. Let Qd(p) = E ⋊ SL 2 (p) with the action just defined. Then Qd(p) is non-p-stable as it is proven by the subgroup Q = E and x ∈ SL 2 (p) as in Example 1.6. It is easy to see that Qd(p) does not contain a subgroup isomorphic to Qd(p).
As we shall see later, Qd(p) has a representation as a subgroup of GL p (q) if p|q − 1 (see Lemma 3.6.) In order to give some more examples of non-3-stable groups, we now construct Qd(3) as a subgroup of GL 3 (C). Example 1.15. Let ̺ be a (complex) primitive third root of unity. We define the following complex matrices:
A straightforward calculation shows that E = ã,b is an extraspecial group of order 27 and exponent 3, whereas, S = x, t is isomorphic to SL 2 (3). Moreover, S normalises E and the operation of the elements x and t with respect to the basis a, b of E/Z(E) is represented by the matrices [ 1 0
1 1 ] and [
The group in Example 1.15 can be modified to obtain 2 more non-3-stable groups of the same order: Moreover, the Sylow 3-subgroups of all three groups have exponent 9 and the those of Qd(3) and Qd + (3) cannot be embedded into (C 9 × C 9 ) ⋊ C 3 , the largest subgroup of SL 3 (C) of exponent 9.
Let q = ℓ s such that 3|q − 1. Then reduction modulo ℓ carries over the construction in Example 1.15 to GL 3 (q). To see this observe that F q contains primitive third roots of unity in this case.
If, moreover, 9|q − 1, then F q contains primitive ninth roots of unity as well, and hence the constructions of Example 1.16 are valid in SL 3 (q) and GL 3 (q).
Note that the above defined groups are minimal non-3-stable subject to containment. The question naturally arises: which groups are minimal non-pstable? We do not answer this question in this paper, but in section 4, we shall see one more example for the prime p = 3.
Although Theorem 1.13 was proved with Definition 1.3 of p-stability, the result is often used with Definition 1.4. In fact, the theorem is cited in [Gla71] , where Definition 1.4 appears, without mentioning that the proof was worked out with another definition. However, the next result is clear by the above: For the proof observe that if G has a non-p-stable section H/K according to Definition 1.4 proved by the subgroup Q H/K and the element x ∈ N H/K (Q), then the section N H/K (Q) of G is non-p-stable according to Definition 1.3 (proved by the same p-subgroup Q and element x).
After introducing some notation, we define a more general notion. For psubgroups Q, R of G such that R ⊳ Q, we let N G (Q/R) be the largest subgroup of G that acts by conjugation on Q/R and C G (Q/R) be the largest subgroup of N G (Q/R) that acts trivially on Q/R. Note that
Clearly, any section p-stable group is p-stable.
Proposition 1.20. For a group G, the following are equivalent:
(ii) All sections of G are p-stable.
Proof. The equivalence of (i) and (iii) is clear by the isomorphism theorems. Also, the implication (ii)
is also a preimage ofx, so we may assume Let G = Sp 4 (q) and let X ∼ = Sp 4 (p) be a subgroup of G. It is well-known that the stabiliser in X of a non-zero vector of the natural F p Sp 4 (p)-module is isomorphic to Qd(p). As |Z(G)| = 2, P Sp 4 (q) has a subgroup isomorphic to Qd(p).
Note that SO 5 (q) is isomorphic to P Sp 4 (q).
For n 4, the special unitary group SU n (q) contains a subgroup isomorphic to Sp 4 (q) and hence it has a subgroup isomorphic to Qd(p). Since Z(SU n (q)) is a p ′ -group, the same is true for P SU n (q). All the other simple groups of Lie type (A n for n 2, B n , C n for n 3, D n and 2 D n for n 4, E n for 6 n 8, F 4 , G 2 , 2 E 6 , and 3 D 4 ) are known to have a subgroup isomorphic to P SL 3 (p), that is, A 2 (p) (for the exceptional groups, see also [LSS92] 
(iv) p = 3 and q 2 − 1 is not a multiple of 9, G = G 2 (q) and G has no section isomorphic to Qd(3).
Consequently, G is p-stable if and only if it is section p-stable.
The conditions on a prime p which guarantee that a Sylow p-subgroup of a simple group G is Abelian must be known to experts, but we have not found any reference. So we write down these in Proposition 3.2 for cases relevant to Theorem 3.1, that is, for the cases where G is a simple group of Lie type defined over the field F q , q = ℓ s and ℓ = p. Denote by e p (q) the order of q modulo p, that is, the smallest natural number i such that p|q i − 1.
Proposition 3.2. Let G be a simple group of Lie type in characteristic ℓ = p.
(1) Suppose that p = 3 and the Sylow 3-subgroups of G are Abelian. Then one of the following holds:
(ii) G ∼ = P SL 3 (q), where q − 1 ≡ 3 or 6 (mod 9);
(iii) G ∼ = P SL n (q), where 3|q + 1 and 2 < n < 6; (iv) G ∼ = P SU 3 (q), where q > 2 and q + 1 ≡ 3 or 6 (mod 9);
(v) G ∼ = P SU n (q), where 3|q − 1 and 2 < n < 6; 
, where p > 7 or p = 5 or 7 and p | q 2 − 1;
We reach the proof of the above two results towards a series of lemmas which we state and prove below. Proof. The first statement is Hilfsatz 2(a) in [Hup70] . The second is an elementary consequence of that e p (q) is the order of q in the multiplicative group F * p of the field of p elements.
Linear and unitary groups
Lemma 3.4. Let E be an extraspecial group of order
, whence the statement.
, where l is the integral part of n/2.
So we may assume that either 4|e or e is odd. Note that U n (q) contains a subgroup X isomorphic to GL l (q 2 ). It suffices to prove the result for n = 2l + 1. As
We show that this number is coprime to p. For this it suffices to observe that q i + 1 is coprime to p for i odd. Suppose the contrary that p|q i + 1 for some i. Then p|q 2i − 1. By Lemma 3.3, e|2i. Let first e be odd. Then e|i and hence p|q i − 1, so p | q i + 1. Now let e = 2m, where m is even. Then m|i as e|2i. This is a contradiction as m is even, whereas, i is odd.
Proof. Set Z = Z(G). Let E be the extraspecial group of order p 3 and exponent p. By Lemma 3.4, there is a faithful representation ϕ: E → G. Then the character χ of ϕ vanishes on E \ Z(E) [DH72, 9.20] . Then (χ, χ) = 1, and hence ϕ is absolutely irreducible. (As q is coprime to |E|, the representation theory of E over F q is paralleled with that over the complex numbers.)
For g ∈ SL 2 (p) Qd(p), the characters of representations ϕ and ϕ g coincide, so ϕ and ϕ g are equivalent. Therefore, there is h ∈ GL p (F q ) such that ϕ g = ϕ h . As ϕ is absolutely irreducible, the F q -envelope of ϕ(E) is M at p (F q ), and h induces an automorphism of M at p (F q ). By the Skolem-Noether theorem, h can be chosen in G = GL p (q). By Schur's lemma, h is unique up to a scalar multiple. So g → h is a projective representation of SL 2 (q) → G. As the Schur multiplier of P SL 2 (p) is of order 2, every projective representation of SL 2 (q) arises from an ordinary one, so h can be chosen so that g → h is an ordinary representation. If p > 3, then Qd(p) has no non-trivial Abelian quotient. Since G/G ′ is Abelian, it follows that G ′ contains a subgroup H isomorphic to Qd(p). Let us now consider the case G = U p (q). Assume first p > 3. By the previous paragraph, we can assume that Qd(p) ∼ = H SL p (q 2 ) and E G. It is well known that there exists an involutive automorphism τ , say, of
As E is absolutely irreducible, by Schur's lemma, g −1 τ (g) is a scalar matrix, z g , say, so τ (g) = z g g. One easily observes that the mapping g → z g is a homomorphism of H ∼ = Qd(p) into the group of scalar matrices of GL p (q 2 ). As Qd(p) is perfect for p > 3, we have z g = 1, and hence
The above argument has to be refined for p = 3. In this case,
has a subgroup H isomorphic to Qd(3). Recall that a Sylow 3-subgroup of GL 3 (q 2 ) coincides with one of U 3 (q) and hence H can be assumed to have a Sylow 3-subgroup contained in U 3 (q). The kernel of the mapping g → z g as in the previous paragraph contains both the derived subgroup H ′ and the Sylow 3-subgroup of H contained in U 3 (q). As H is generated by these subgroups, z g = 1 follows for all g ∈ H. Hence H U 3 (q).
Finally, let again p > 3. Observe that the centre of H is contained in Z(G ′ ). Therefore, its image in P SL p (q) (resp. P SU p (q)) is isomorphic to Qd(p).
Next we examine the case p = 3 not discussed completely in Lemma 3.6. Lemma 3.7. Let p = 3 and G = P SL 3 (q). Suppose that 3|q − 1.
(i) If q − 1 is not a multiple of 9, then the Sylow 3-subgroups of G are Abelian, and G has no section isomorphic to Qd(3).
Proof. (i) The order of G is q 3 (q − 1) 2 (q + 1)(q 2 + q + 1)/3. One easily observes that the 3-part of |G| is 9, so the Sylow 3-subgroups of G are Abelian. Then Qd(3) is not a section of G.
(ii) Assume 9|q −1. By Lemma 3.6, GL 3 (q) contains a subgroup X isomorphic to Qd(3) whose image in P GL 3 (q) is isomorphic to Qd(3). Now,
Let 3 ϑ be the 3-part of q − 1. Then a Sylow 3-subgroup P of SL 3 (q) is isomorphic to (C 3 ϑ × C 3 ϑ ) ⋊ C 3 . A straightforward calculation shows that any subgroup of P of exponent 9 is contained in a subgroup isomorphic to (C 9 × C 9 ) ⋊ C 3 obtained from P in the obvious way. However, this group does not contain a Sylow 3-subgroup of Qd(3) (see also Remark 1.17). Thus x / ∈ SL 3 (q) and hence det(x)
and the image of Y in P GL 3 (q) is equal to that of X whence the claim on G. 
Lemma 3.8. Let p = 3 and G = P SU 3 (q). Suppose that q + 1 is a multiple of 3. Then Qd(3) is isomorphic to a subgroup of G if and only if q + 1 is a multiple of 9. In this case, SU 3 (q) has a subgroup isomorphic to Qd
Proof. Suppose 9|q+1. We have shown in the proof of Lemma 3.7 that
Let τ be as in the proof of Lemma 3.6, so by the argument there z g := g −1 τ (g) ∈ Z(SL 3 (q 2 )), and hence z g ∈ SU 3 (q). Then, applying τ
and hence g ∈ SU 3 (q). The statement on Qd ± (3) follows from Lemmas 3.7 and 3.5.
Conversely, let G = P SU 3 (q), where q + 1 is not a multiple of 9. The order of G is q 3 (q + 1) 2 (q − 1)(q 2 − q + 1)/3. One easily observes that the 3-part of |G| is 9, so the Sylow 3-subgroups of G are Abelian, whence the result.
Lemma 3.9. Let n > p and G = P SL n (q) (resp., P SU n (q)), where p|q − 1 (resp. p|q + 1). Then G contains a subgroup isomorphic to Qd(p).
Proof. Consider the embedding
This can be refined to the case p = 3 by using the embedding
If the matrix diag(x, det x −1 , Id n−4 ) is scalar, then either x = Id n or n = 4 and x = a · Id 3 ∈ GL 3 (q). Moreover, in the latter case det x −1 = a −3 = a must hold, so a 4 = 1. As such, if x = Id, then it is not contained in Qd(3) GL 3 (q). Therefore, the homomorphism GL 3 (q) → P SL 4 (q) is faithful on Qd(3), so G contains a subgroup isomorphic to Qd(3).
The proof for the case of unitary groups is similar.
(ii) Let g ∈ GL n (q), where n = e p (q). Then the Sylow p-subgroups of G are cyclic.
(iii) Let 2n = e p (q). Then U n (q) contains an element of order p if and only if n is odd.
Proof. (i) It follows from the formula for |GL n (q)| that e := e p (q) n, otherwise p does not divide the group order. As g is irreducible, the enveloping algebra [g] of g is a field (by Schur's lemma). In addition, the natural
n. In fact, dim[g] = n as the matrix algebra Mat n (F q ) is well known to contain no subfield of dimension greater than n over F q . It follows that [g] ∼ = F q n , and hence p divides q n − 1. By Lemma 3.3, e divides n. Then F q n contains a subfield F isomorphic to F q e . As the multiplicative group of F q n is cyclic, we have g ∈ F , and hence
(ii) The assumption n = e p (q) is equivalent to saying that F q n contains an element of order p, whereas F q i for i < n contains no such element. As
according to whether n is even or odd. As e p (q) = 2n, no term of the form q i − 1 in the above formula is divisible by p. If some q i + 1 is divisible by p, then so is q 2i − 1 and hence 2i = 2e p (q) must hold. Then i = n is an odd number and the claim is proved.
Lemma 3.11. Let e = e p (q).
(ii) If n 2pe, then SU n (q) has a subgroup isomorphic to Qd(p).
(iii) If e is even and n ep, then SU n (q) has a subgroup isomorphic to Qd(p).
(iv) If e ≡ 2 (mod 4) and n pe/2, then SU n (q) has a subgroup isomorphic to Qd(p) except for the case e = 2, p = 3 and n = 3. So the index is coprime to 3, and hence is a 2-power as | Qd(3)| = 3 4 · 8. It is well known that SL 2 (3), and hence Qd(3), has no proper quotient group of 2-power order. It follows that SL 6 (q) has a subgroup isomorphic to Qd(3).
Proof. (i) Suppose first that
Finally, let n > pe. The case p = 3, e = 1 has already been handled in the proof of Lemma 3.9. Otherwise SL n (q) has a subgroup isomorphic to SL pe (q) and (i) follows from the above.
(ii) Suppose first that (e, p) = (1, 3). By part (i), SL pe (q) contains a subgroup isomorphic to Qd(p). There is an embedding SL pe (q) → SU 2pe (q), whence the result.
Let e = 1, p = 3, so 3|q − 1. Then Qd(3) is a subgroup of GL 3 (q) (see Lemma 3.6) and there is an embedding GL 3 (q) → U 6 (q). Note that U 6 (q)/SU 6 (q) is of order q + 1, which is coprime to 3. So either Qd(3) embeds into SU 6 (q) or Qd(3) has a proper normal subgroup, whose index in Qd(3) divides q + 1. So the index is coprime to 3, and hence a 2-power as above. As Qd(3) has no proper quotient group of 2-power order, it follows that SU 6 (q) has a subgroup isomorphic to Qd(3).
Consequently, (ii) holds for n = 2pe and hence for n > 2pe, too.
(iii) Let e be even and let e ′ = e p (q 2 ). Then e ′ = e/2. By part (i), SL pe ′ (q 2 ) = SL ep/2 (q 2 ) has a subgroup isomorphic to Qd(p) unless n = 3. As there is an embedding SL pe/2 (q 2 ) → SU ep (q), the statement follows. For n = 3 we proceed as in part (ii). is isomorphic to a subgroup of U 3 (q) by Lemma 3.6. Since there is an embedding U 3 (q) → SU n (q) for n > 3, the result follows.
Next we show that if the assumptions of Lemma 3.11 fail, then the Sylow p-subgroups of G are Abelian.
Lemma 3.12. Let e = e p (q).
(i) If n < ep, then the Sylow p-subgroups of GL n (q) and hence of P SL n (q) are Abelian.
(ii) If e is odd and n < 2ep, then the Sylow p-subgroups of U n (q) and hence of P SU n (q) are Abelian.
(iii) If e ≡ 0 (mod 4) and n < ep, then the Sylow p-subgroups of U n (q) and hence of P SU n (q) are Abelian.
(iv) If e ≡ 2 (mod 4) and n < ep/2, then the Sylow p-subgroups of U n (q) and hence of P SU n (q) are Abelian.
. By Lemma 3.3, p divides q j − 1 if and only if e divides j. Therefore, the p-part of (q − 1) · · · (q n − 1) coincides with that of (q e − 1)(
We claim that p is coprime to
whence the claim follows. Therefore, if p d is the p-part of q e − 1, then the p-part of |GL n (q)| equals p dk , and coincides with that of GL k (q e ). In addition, p dk coincides with the p-part of the order of the group of diagonal matrices of GL k (q e ). Hence the latter is one of the Sylow p-subgroups of GL k (q e ) and these are Abelian. Now, there is an embedding GL k (q e ) → GL n (q) and the p-parts of the orders of these groups are the same. So the Sylow p-subgroups of GL k (q e ) are isomorphic to those of GL n (q), whence the result.
(ii) By Lemma 3.5, the Sylow p-subgroups of U n (q) are isomorphic to those of Gl l (q 2 ), where l is the integral part of n/2. By assumption n < 2ep, so l < ep. Moreover, e p (q) = e p (q 2 ) as this number is odd. Therefore, the Sylow p-subgroups of Gl l (q 2 ) are Abelian by part (i) and the claim follows.
(iii) We proceed in a similar way as in part (ii). By Lemma 3.5, the Sylow p-subgroups of U n (q) are isomorphic to those of Gl l (q 2 ) with the same l. But now we have l < ep/2 and e p (q 2 ) = e p (q)/2 = e/2, so part (i) applies again and the Sylow p-subgroups under consideration are Abelian.
(iv) Now the Sylow p-subgroups of U n (q) are isomorphic to those of GL n (q 2 ) and e p (q 2 ) = e/2, so the assumption n < ep/2 ensures that part (i) can be applied and the result follows. (
Proof. (i) This follows from Lemmas 3.6, 3.11 and 3.12.
(ii) Suppose first that p = n = 3 and 3|q − 1 (resp., 3|q + 1). Then the Sylow 3-subgroups of G are Abelian if and only if q − 1 (resp., q + 1) is not a multiple of 9. So in this case the result follows from Lemmas 3.7 and 3.8 for G = P SL 3 (q) and P SU 3 (q), respectively.
Assume p > 3 or n = 3. If by Lemma 3.12 the Sylow p-subgroups of G are non-Abelian, then we are in one of the situations in Lemma 3.11 whence the result.
Symplectic groups
Lemma 3.14. Let G = Sp 2n (q) and let P be a Sylow p-subgroup of G.
(ii) If e p (q) is even, then P is a Sylow p-subgroup of GL 2n (q). If, in addition, e divides 2n, then a Sylow p-subgroup of G is contained in a subgroup isomorphic to U 2n/e (q e/2 ). 
Consider the term
with i odd. As p|q m + 1, and hence p|q im + 1, we observe that p is coprime to q im − 1. Similarly, if i = 2j is even, then
As p divides q je − 1 = q im − 1, it is coprime to q je + 1. Therefore, the p-part of |G| divides
according to whether l is odd or even.
Recall that
for some integer b > 0. Therefore, the p-part of |G| is equal to that of |U l (q m )| and the lemma is proven.
Proposition 3.15. Let G = Sp 2n (q) and set e = e p (q). The following are equivalent:
(1) G contains a subgroup isomorphic to Qd(p);
(3) n ep if e is odd, and 2n ep if e is even.
Proof. By Lemma 3.14, the equivalence of (2) and (3) follows from a corresponding result for GL m (q) for m = n or 2n, see Lemmas 3.6, 3.11 and 3.12. The implication (1) ⇒ (2) is trivial. If e is odd, then (3) implies (1) by Lemma 3.11 as GL n (q) is a subgroup of G. Let e = 2m be even, so p|q m + 1. Suppose first 2n = pe. By part (ii) of Lemma 3.14, some Sylow p-subgroup of G is contained in a subgroup X isomorphic to U p (q m ). Proof. We first show that Proof. For the first statement see [Wei55, p. 532] . Let e be odd. Then |G|/2 coincides with |Sp 2n (q)|, and G contains a subgroup X isomorphic to GL n (q). By Lemma 3.14, the order of a Sylow p-subgroup of GL n (q) coincides with that of Sp 2n (q), and hence with |P |. So the result follows.
Proposition 3.18. Let G = O 2n+1 (q) and e = e p (q). The following are equivalent:
(iii) n ep if e is odd, and n ep/2 if e is even.
Proof. Note that if q is even, then SO 2n+1 (q) ∼ = Sp 2n (q) and the result follows from Proposition 3.15, so we can assume that q is odd.
By Lemma 3.17, the equivalence of (ii) and (iii) follows from a corresponding result for GL m (q) for m = n or 2n, see Lemma 3.12. The implication (i) ⇒ (ii) is trivial. If e is odd, then (iii) implies (i) by Lemma 3.11 as G has a subgroup isomorphic to GL n (q).
Let e = 2m be even. 
and
(ii) follows from that the orders of O 2n+1 (q) and O 2n−1 (q) differ in a factor q 2n−1 (q 2n − 1). For (iii) observe that P remains a Sylow p-subgroup of O 2n+1 (q) if and only if p does not divide the index |O 2n+1 (q) : G|, which is q n + 1 for G = O 
Exceptional groups of Lie type We first recall that for p > 2 the Sylow psubgroups of the simple groups
2 B 2 (q), q > 2 are Abelian and the group 2 B 2 (2) is soluble. Therefore, these groups are not to be considered.
We use information provided in [GL83, p. 111]. For p > 2, a Sylow psubgroup P of a simple group G of Lie type has an Abelian normal subgroup A and the order of the quotient group P W = P/A can be computed from the table in [GL83, p. 111]. In particular, if P W = 1, then P is Abelian.
Write We illustrate this with the example G = 2 E 6 (q). If p > 5, then M is empty, so P is Abelian. If m 0 = 1 and p = 5, then again P is Abelian, but if m 0 = 2, then |P W | = 5. (In this case P is non-Abelian but this is not explicitly mentioned in [GL83] .)
We first consider the groups of type E. The analysis of the table in [GL83, p. 111] yields the following conclusion:
Lemma 3.22. Let G = E 6 (q), E 7 (q), E 8 (q) or 2 E 6 (q) and let P be a Sylow p-subgroup of G.
(i) P is Abelian if p > 7 and non-Abelian if p = 3;
(ii) if p = 7, then P is Abelian unless G = E 7 (q) and m 0 = 1 or 2 or G = E 8 (q) and m 0 = 1 or 2;
(iii) if p = 5, then P is Abelian unless one of the following holds:
Note that m 0 = 6 in case (d) as m 0 = e p (q) < p. We have to decide whether Qd(p) is a subgroup of G whenever the Sylow p-subgroups of G are non-Abelian. The following lemma is an extraction from [LSS92, Table 5 .1].
Lemma 3.23. Let
G = E 6 (q), E 7 (q), E 8 (q) or 2 E 6 (
q). Suppose that the Sylow p-subgroups of G are non-Abelian. Then Qd(p) is a subgroup of G.
Proof. We use information from [LSS92, Table 5 .1].
Suppose first that G ∼ = E 6 (q) (resp., 2 E 6 (q)). Then two primes: p = 3 and p = 5 have to be considered. Set X = SL 6 (q) (resp., X = SU 6 (q)) and X 1 = SL 5 (q) (resp., X 1 = SU 5 (q)). By [LSS92, Table 5 .1], G contains a subgroup isomorphic to X/Z, where Z is a central subgroup of X. Let first p = 3. Then by Lemma 3.11, X and X/Z(X) and hence also X/Z contain a subgroup isomorphic to Qd(3). Let now p = 5, so m 0 = 1 (resp., 2). The natural embedding X 1 → X yields an embedding X 1 → X/Z. By Lemma 3.6 X 1 contains a subgroup isomorphic to Qd(5) whence the result.
Suppose now that G = E 7 (q). Then p = 3, 5 and 7 have to be considered. By [LSS92, Table 5 .1], G has a subgroup X isomorphic to Ω + 12 (q). We use Propositions 3.20 and 3.21. Since n = 6 > 3 = 1 · 3 = 2 · 3/2 and 6 > 5, X contains subgroups isomorphic to Qd(3) and Qd(5). Let now p = 7, so m 0 = 1 or 2. By [LSS92, Table 5 .1], G contains subgroups isomorphic to a central quotient of SL 8 (q) and of SU 8 (q). Therefore, G contains subgroups isomorphic to SL 7 (q) and SU 7 (q). So the result follows from Lemma 3.6.
Finally, let G = E 8 (q). Then G has a subgroup isomorphic to Ω 
, (q = 3 2m+1 ) are Abelian. As we assume that q is not a p-power, the groups 2 G 2 (q) for p = 3 are not to be considered here. 
then G contains a subgroup isomorphic to Qd(3).
(ii) If G = G 2 (q) and 9 | q 2 − 1, then the Sylow 3-subgroups of G are nonAbelian and G contains no section isomorphic to Qd(3).
Proof. Let G = 3 D 4 (q). By [Kle88, p. 182], G contains a subgroup X isomorphic to P GL 3 (q) (resp., P GU 3 (q)) if 3|q − 1 (resp., 3|q + 1). By Lemma 3.6 X has a subgroup isomorphic to Qd(3) whence the claim.
Let G = F 4 (q). Then G contains a subgroup isomorphic to 3 D 4 (q) (see [LSS92, Table 5 .1]), so the result follows from that for
Then G contains a subgroup isomorphic to P SL 3 (3) by [CCN + 85] . By Lemma 1.7, the latter and hence G has a subgroup isomorphic to Qd (3) . Table 5 .1]). If 9|q − 1 (resp., 9|q + 1), then SL 3 (q) (resp., SU 3 (q)) has a subgroup isomorphic to Qd − (3) by Lemmas 3.7 and 3.8. If, however, 9 | q 2 − 1, then a Sylow 3-subgroup E of G is extraspecial of order 27 and exponent 3. Therefore, if Qd(3) is involved in G, then it must be involved either in the normaliser of E or in the normaliser of some elementary Abelian subgroup V of E.
which has a subgroup of index 2 isomorphic to either SL 3 (q) or SU 3 (q) according to whether 3|q − 1 or 3|q + 1 (see [FF09, p. 461] ). By Lemmas 3.7 and 3.8, these groups do not involve Qd(3). Let us consider the other case. As V is normal in E, it must contain Z. Now, all elements of E \ Z are conjugate in C G (Z) and they are not conjugate to an element of Z in G (see [FF09, p. 461 
The case of the sporadic groups
Having a look at the orders of the sporadic groups, we find only few primes to consider as a group having a Qd(p)-section must have a Sylow p-subgroup of order at least p 3 . The primes together with the relevant groups are the following:
• For p = 5: Co 1 , Co 2 , Co 3 , HS, M cL, Ru, HN , Ly, T h, B, M .
• For p = 7:
• For p = 11: J 4 .
• For p = 13: M .
A non-trivial section of a simple group is a section of one of its maximal subgroups. In the following examination we use the results listed in the Atlas of finite simple groups, see [CCN + 
Since we employ results of the Atlas, it seems to be reasonable to keep Atlas notation in this section.
• p = 3:
The maximal subgroups of J 2 with order divisible by 27 are U 3 (3) and 3.A 6 .2. As none of them involves Qd(3), J 2 does not either. Similarly, the only non-soluble maximal subgroup of J 3 with the required order is (3 × A 6 ) : 2 2 , which does not involve Qd(3) and hence they are section 3-stable.
M 12 has a maximal subgroup of type 3 2 :2S 4 . Note that 3 2 is self-centralising and 2S 4 = GL 2 (3) here. Hence this maximal subgroup contains a subgroup isomorphic to Qd(3). Therefore, the simple groups M 12 , M 24 , Sz, HN , B, M all contain subgroups isomorphic to Qd(3) and hence they are non-3-stable.
M cL contains a maximal subgroup of type U 4 (3). By Theorem 2.2, U 4 (3) has a subgroup isomorphic to Qd(3). Hence each of the groups M cL, Co 2 and Ly contains a subgroup isomorphic to Qd(3), as they are overgroups of M cL. Consequently, all these groups are non-3-stable.
The derived subgroup of the normaliser of 3A 2 in He has structure (2 2 × 3 2 ) . SL 2 (3). This is a non-split extension 2 2. Qd(3) = 3 2 :(2 2. SL 2 (3)). This group is a new example for a minimal non-3-stable group.
Ru has a maximal subgroup of type 2 F 4 (2) ′ .2. By Proposition 3.2 the Sylow 3-subgroups of he latter are non-Abelian. Thus by Theorem 3.1 2 F 4 (2)
′ .2 and hence Ru contains a subgroup isomorphic to Qd(3). As a consequence, Ru is non-3-stable.
The Sylow 3-subgroups of O ′ N are elementary Abelian. Hence O ′ N has no section isomorphic to Qd(3) and hence it is section 3-stable.
T h has a maximal subgroup of type U 3 (8):6. By Proposition 3.2, the Sylow 3-subgroups of U 3 (8) are non-Abelian. Thus by Theorem 3.1, U 3 (8) and hence T h contains a subgroup isomorphic to Qd(3). Therefore, T h is non-3-stable.
• p = 5:
The only maximal subgroup of HS with order divisible by 125 is U 3 (5) : 2. By Theorem 2.2, this group and hence HS have no section isomorphic to Qd(5). Thus it is section 5-stable.
The only non-soluble maximal subgroup of M cL with the required order is U 3 (5), so M cL has no section isomorphic to Qd(5) whence it is section 5-stable.
• p = 13:
We find that the monster group M has a maximal subgroup with structure 13 2 :2L 2 (13).4, so Qd(13) is a subgroup of M and hence it is not 13-stable.
We can summarise the above considerations in the next theorem: (iv) G = M and p = 13.
Summary on fusion systems
In this section we summarise the basic knowledge on fusion systems especially what we need later. First of all, we give the definition of a saturated fusion system following [KL08] . All fusion systems we deal with will be saturated, so we shall omit the word 'saturated' in the sequel. Let p be a prime and let P be a finite p-group. A fusion system F on P is a category whose objects are the subgroups of P and whose morphisms are certain injective group homomorphisms which will be written from the right.
The main example of a fusion system is that of a finite group G with Sylow p-subgroup P . If Q and R are subgroups of P such that Q g R for some element g ∈ G (that is, Q is subconjugate to R), then conjugation with g gives rise to a map c g,Q,R : Q → R defined by x → g −1 xg for x ∈ Q. The morphisms in the fusion system F P (G) of G on P are exactly these maps so that
The definition of an abstract fusion system F extracts the properties of F P (G). To give the exact definition, we need some more notions.
• A subgroup Q of P is called fully F -normalised if |N P (Q)| |N P (Qϕ)| for every morphism ϕ ∈ F with domain Q.
• For an isomorphism ϕ: Q → R we let
This means that the following diagram commutes:
Note that if ϕ can be extended to a subgroup H of N P (Q), then H N ϕ .
Definition 5.1 (Fusion system).
A fusion system on the p-group P is a category F with the subgroups of P as objects. Morphisms are injective group homomorphisms with the usual composition of functions such that the following hold:
(i) For all Q, R P the set Hom P (Q, R) consisting of the P -conjugations from Q into R is contained in Hom F (Q, R).
(ii) For all morphisms ϕ ∈ Hom F (Q, R), the isomorphismφ:
(iv) If Q is fully F -normalised, then each morphism ϕ ∈ Hom F (Q, P ) extends to a morphismφ ∈ Hom F (N ϕ , P ).
We now collect some notions concerning fusion systems that we shall use in this paper.
• A subgroup Q of P is called strongly F -closed if for all subgroup R of Q and for all morphism ϕ with domain R, the image Rϕ is contained in Q.
• The normaliser of a fully F -normalised subgroup Q of P is the subsystem
•
• If Q is normal in F , a quotient fusion system F /Q can be defined on P/Q with morphismsφ: T /Q → R/Q induced by morphisms ϕ: T → R.
• F is called soluble if there is a sequence
• O p (F ) is the largest normal subgroup of P that is normal in F .
• A subgroup Q of P is called F -centric if C P (Qϕ) is contained in Qϕ for all morphisms ϕ with domain Q.
• F is said to be constrained if
• A model of a constrained fusion system F is a p-constrained and
Note that each constrained fusion system has a model which is unique up to isomorphism, see [BCG + 05, Proposition C].
Definition of p-stability for fusion systems
In this section, we define p-stable fusion systems and investigate their properties.
Definition 6.1. Let F be a fusion system on the p-group P . Then F is said to be p-stable if for all fully F -normalised subgroups Q of P whenever χ ∈ Aut F (Q)
Next we prove that Definition 6.1 is a generalisation of the notion of pstability of groups to the case of fusion systems.
Theorem 6.2. A group G is p-stable if and only if its fusion system
Let χ ∈ N G (Q)/C G (Q) = Aut F (Q) be the image of x under the natural homomorphism. Then χ satisfies Equation (1) in Definition 6.1 if and only if x satisfies Equation (2). Note that as x ranges over the elements of N G (Q), its image χ ranges over the elements of Aut F (Q) and vice versa.
Proposition 6.3. Let F be a p-stable fusion system. Then all subsystems of F are p-stable.
Proof. Let G be a subsystem of F on a subgroup S of P . Let Q be a subgroup of S. Assume some χ ∈ Aut G (Q) satisfies Equation (1). As Aut
So G is p-stable.
We can prove a theorem for fusion systems similar to Corollary 1.11: To show the converse let Q P . Assume χ ∈ Aut F (Q) satisfies Equation 1. If Q is cyclic, then χ ∈ O p (Aut F (Q)) automatically follows, so we may assume Q is non-cyclic. Let ϕ: Q → R be an F -isomorphism such that R is fully F -normalised. Then ϕ
As mentioned before, p-soluble groups are p-stable for p > 3. Now we examine the relationship between p-stability and solubility for fusion systems.
Lemma 6.5. The fusion system of Qd(p) is soluble.
Proof. The Sylow p-subgroups P of Qd(p) have structure V ⋊ C, where V is an elementary Abelian group of rank 2 and C is a cyclic group of order p. Now, V = O p (Qd(p)) and the quotient system is defined on C, a cyclic group, so the sequence
proves the solubility of F P (Qd(p)).
Proposition 6.6. There are soluble fusion systems which are non-p-stable.
Proof. The fusion system F P (Qd(p)) is soluble by Lemma 6.5 and not p-stable by Theorem 6.2.
A counterpart of Proposition 6.6 is the following:
Proof. Let G be a group not involving Qd(p) and assume the theorem holds for all groups smaller than G. Let Q = Z(J(P )), the centre of the Thompson subgroup 1 of P . Then the normaliser N = N G (Q) controls strong fusion by Theorem B in [Gla68, p. 1105] . It follows that F P (G) = F P (N ).
Therefore, Q ⊳ F P (N ) = F P (G) and hence
by Theorem 5.20 due to Stancu in [Cra11, p. 145] . F P (G)/Q, being the fusion system of the Qd(p)-free group N/Q is soluble as |N/Q| < |G|. Therefore, F P (G) is soluble.
The maximal subgroup theorem
Our next goal is to prove a fusion theoretic version of Thompson's maximal subgroup theorem, see in [Gor68, p. 295, Thm 8.6.3] . For this purpose, we first state and prove a lemma that might have its own interest.
Lemma 7.1. Let N be a subsystem of F and assume the subgroup Q of P is normal in N . Let R be a fully F -normalised subgroup of P that is F -isomorphic to Q. Let ϕ: N P (Q) → N P (R) be an F -homomorphism such that Qϕ = R. Then ϕ induces an injective functor
Proof. Note first that such a ϕ exists for all R (see e. g. [KL08, Lemma 2.2]). For an object T of N we define Φ(T ) = T ϕ. Observe that T N P (Q) so this definition makes sense. Let now ψ: T → S be a morphism in N . Then Φ(ψ):
where ϕ T and ϕ S denote the restrictions of ϕ to T and S, respectively.
We claim Φ(ψ) is an N F (R)-morphism. Indeed, as ψ is an N -morphism and Q ⊳ N , ψ extends to a morphismψ: T Q → SQ with Qψ = Q. Now, T Q N P (Q) and henceψ ϕ is defined. We have (T Q)ϕ = (T ϕ)R and (SQ)ϕ = (Sϕ)R. By constructionψ ϕ extends ψ ϕ . Moreover,
SϕR
It is straightforward that Φ preserves compositions and also that Φ is injective.
Theorem 7.2 (Maximal subgroup theorem). Let F be a fusion system defined on the p-group P . Let Q be a non-empty collection of non-trivial subgroups of P satisfying the following property:
If Q ∈ Q, and ϕ:
Assume each element of N is constrained and p-stable. Then N has a unique maximal element.
Proof. We prove that each element of N is contained in M = N F (Z(J(P ))). First assume R ⊳ P . Then N F (R) is defined on P . As N F (R) is constrained and p-stable by assumption, it has a model L which is p-constrained, p
Let now R ⋪ P and assume N F (S) ⊆ M for all fully F -normalised subgroups S of P satisfying N P (S) ∈ Q and |N P (S)| > |N P (R)|. Now, N F (R) is defined on N P (R) and by the above argument Z = Z(J(N P (R))) ⊳ N F (R). Let Z * be a fully F -normalised subgroup of P that is F -isomorphic to Z. Let ϕ: N P (Z) → N P (Z * ) be an F -morphism. By Alperin's fusion theorem to fusion systems there is a sequence
of subgroups of P , there are fully F -normalised (and essential) subgroups
and there is a morphism σ ∈ Aut F (P ) such that ϕ = α 1 α 2 . . . α t σ. Now,
and so N F (R) ⊆ M which proves the theorem. Proof. Let Z = Z(J(P )). With the set Q = {1 < Q P } the conditions of Theorem 7.2 are certainly satisfied. Hence N F (Z) is the unique maximal element of the set
We show F = N F (Z). To this end, let ϕ: T → S be a morphism in F . By Alperin's fusion theorem, there are subgroups
of P and for all i = 1, . . ., t, there are fully F -normalised essential subgroups
and an automorphism σ ∈ Aut F (P ) such that ϕ = τ 1 τ 2 . . . τ t σ. By assumption, for each 1 i t we have
as L i = 1 is fully F -normalised. On the other hand, σ ∈ N F (Z) trivially holds. It follows then that ϕ ∈ N F (Z) and hence
Concerning groups, we have the following corollary: (N G (Q) ) is p-stable and constrained for all non-trivial fully F -normalised subgroups of P . Hence Proposition 7.3 applies, so O p (F ) Z(J(P )) ⊳ F . As Z(J(P )) is fully F -normalised, F = N F (Z(J(P ))) is the fusion system of N G (Z(J(P ))), that is, N G (Z(J(P ))) controls strong fusion in P . Let namely G = L 3 (3), P a Sylow 3-subgroup of G. Then G is a minimal simple group so that the local subgroups of G are soluble and hence so are the normaliser systems in F P (G). However, the fusion system F P (G) has no non-trivial normal subgroups it follows from Theorem 1.2 in [FF09, p. 455].
(ii) If G is p-soluble (for p > 3), then Theorem C in [Gla68, p. 1105] asserts that N G (Z(J(P ))) controls strong fusion in P . It follows from the results of Sections 2-3 that the fusion system of a finite simple group G is soluble if and only if Z(J(P ))⊳F P (G), that is, if and only if N G (Z(J(P ))) controls strong fusion in P . The same is not true in general: the fusion system of Qd(p) is soluble. For its Sylow p-subgroup P we have J(P ) = P , so Z(J(P )) = Z(P ) has order p. Its normaliser is the subgroup V of order p 2 (see Example 1.6) which certainly does not control the fusion in Qd(p).
On Qd(p)-free fusion systems
For groups, there is a strong connection between p-stability and not involving Qd(p). A corresponding notion for fusion systems is defined in [KL08, Def. 1.1]. Let Q be a fully F -normalised F -centric subgroup of P . We examine the normaliser
as Q is F -centric. Therefore, N has a model. In order to prove this theorem, we need some preparation.
Note that Q is p-centric if and only if
Lemma 8.6. Let G be a group with Sylow p-subgroup P and let F = F P (G) be its fusion system on P . Let furthermore Q be a fully normalised subgroup of P .
Then Q is F -centric if and only if it is p-centric.
Proof. Q is F -centric if and only if C P (Q t ) ⊆ Q t holds whenever Q t P . This means that Q ⊇ C P * (Q) for all Sylow p-subgroups P * of G containing Q. This is equivalent to saying that Q is p-centric. Lemma 8.7. Let G be a group, P a Sylow p-subgroup of G. Then
Here, we identify
. We have to show it is a bijection.
We first prove it is surjective. LetQ,R P andḡ ∈Ḡ such thatQḡ R . Then conjugation by g maps Q into RO p ′ (G) and hence Q gt R for some t ∈ O p ′ (G). Therefore, the image of c gt,Q,R is cḡ ,Q,R and surjectivity is proved.
To prove injectivity, assume cḡ ,Q,R = ch ,S,T . Then, first of all, Q = S and R = T as P maps isomorphically toP . By the same reason, the operation of g and h coincides on Q. Thus c g,Q,R = c h,S,T and injectivity is proven. Obviously, L is p ′ -reduced by construction. It only remained to show that L is p-constrained, that is,
Assume
−c x ∈ Q, so it must be equal to 1 and hence c centralises Q. Now,
whence the claim follows. 
by the second isomorphism theorem. Therefore, N H (Ṽ ) and so N G (Ṽ ) involves Qd(p). Filnally,Ṽ is non-cyclic as it has a non-cyclic homomorphic image V .
The other implication is clear.
Proof. By construction, C P (Q) is a Sylow p-subgroup of C G (Q). Let c ∈ C G (QC P (Q)) be a p-element. Then c centralises Q and C P (Q), so c C P (Q) is a p-group centralising Q. Hence c ∈ C P (Q) QC P (Q) by the maximality of C P (Q).
Proposition 8.11. Let G be a group that involves Qd(p). Then
. By the proof of Lemma 8.9 we may assume H N G (Ṽ ) for a p-subgroupṼ of G and W = K ∩Ṽ is a normal subgroup of H.
As S ∼ = SL 2 (p), S = x, a for some x, a ∈ S such that x p = a 4 = 1 and [V, x, x] = 1. Let moreoverx andã be preimages of x and a under the natural homomorphism H → H/K, respectively.
Let 
Consider the factor groupN = N H1 (Q)/W . By construction, V =Ṽ /W ⊳N . Letx andā be the images under the natural homomorphism N H1 (Q) →N , of n x and n a , respectively. Then the operations of x andx on V coincide, just as those of a andā, because K 1 centralises V .
Therefore, [V,x,x] = 1, wherex ∈ NN (V ) =N . The image of x,ā in N/CN (V ) is isomorphic to SL 2 (p) and hencē
This means thatN is not p-stable, so it involves Qd(p) by Glauberman's Theorem 1.13. It follows that N H1 (Q) and hence N G (Q) involve Qd(p).
Now we are ready to prove the theorem.
Proof (of Theorem 8.4). Assume G involves Qd(p). Then Qd(p) is involved
in N G (Q) for some p-centric subgroup Q of P by Proposition 8.11. Observe that some conjugate of Q is fully F -normalised and also F -centric (the latter by Lemma 8.6). Since Qd(p) has no normal p ′ -subgroups, it is also involved in N G (Q)/O p ′ (N G (Q)). As this group is the model of N F (Q) by Lemma 8.8, F is not Qd(P )-free.
For the converse, assume F is not Qd(p)-free. Then Qd(p) is involved in N G (Q)/O p ′ (N G (Q)) for some F -centric subgroup Q of p by definition. Therefore, Qd(p) is also involved in G.
The following corollary is a slight refinement of Glauberman's Theorem 1.13
Corollary 8.12. The following are equivalent:
• All sections of G are p-stable.
• N G (Q) does not involve Qd(p) for any p-centric p-subgroup Q of G.
Section p-stability in fusion systems
We have seen in the case of groups that p-stability in itself is not enough: one needs the notion of section p-stability. Two possible definitions seem to be natural: Definition 9.1. Let F be a fusion system on the p-group P . F is called section p-stable if N F (R)/R is p-stable for all fully F -normalised subgroups R of P . Definition 9.2. Let F be a fusion system on the p-group P . F is called section p-stable if the model of N F (R) is section p-stable for all F -centric and fully Fnormalised subgroups R of P .
Clearly, Definition 9.2 is equivalent to Definition 8.1 of a Qd(p)-free fusion system.
We show that Definitions 9.1 and 9.2 are equivalent. Proof. Assume F is section p-stable according to Definition 9.1. Let R be an Identified with a subsystem of the p-stable fusion system N F (Q 1 )/Q 1 , the system N NF (R) (Q)/Q is p-stable. Hence F is section p-stable according to Definition 9.2.
Assume now that F is section p-stable according to Definition 9.2. Then F is Qd(p)-free and hence constrained by Remark 6.7. Its model G is Qd(p)-free, therefore section p-stable by Theorem 8.4. Now, N F (Q)/Q is the fusion system of N G (Q)/Q for all fully F -normalised subgroups Q of P . As N G (Q)/Q is p-stable, so is N F (Q)/Q. Proof. If all subquotients are p-stable, then so are the fusion systems N F (R)/R for all fully F -normalised subgroups R of P . Hence we only have to prove the other implication.
Let F be section p-stable and let G be an arbitrary subsystem of F with Q ⊳ G. Let Q 1 be a fully F -normalised subgroup of P that is F -isomorphic to Q. By the same line of arguments as in Theorem 9.3, G/Q is isomorphic to a subsystem of N F (Q 1 )/Q 1 and, as such, it is p-stable.
10 On fusion systems on extraspecial p-groups of order p 3 and exponent p
Concerning solubility, we can establish that F is soluble if and only if P has a non-trivial strongly closed Abelian subgroup. By Proposition 4.61 in [Cra11, p. 129] applied to this case, Q is normal in F if and only if it is contained in every radical subgroup of P .
Therefore, if P has at least two radical subgroups, then the only possibility for an F -normal subgroup is Z(P ). However, SL 2 (p) is contained in Aut F (R) for all fusion systems with at least two radical subgroups. Hence Z(P ) is not fixed under the action of Aut F (R), so (Z(P ) ⋪ F in this case.
If P has exactly one radical subgroup R, then certainly R⊳ F , so F is soluble in this case. Since the group P ⋊ H with p | |H| is p-soluble (in which case there are no radical subgroups), its fusion system is trivially soluble.
Summarising this, we obtain:
Proposition 10.2. Let P be an extraspecial group of order p 3 and exponent p and let F be a fusion system on P . Then F is soluble if and only if P has at most one radical subgroup, that is, if G ∼ = P ⋊H with p | |H| or G ∼ = R⋊(SL 2 (p)⋊C r ) with r|p − 1.
Concluding remarks and questions
In Sections 2 to 4 we have shown that a finite simple group is p-stable if and only if it is section p-stable. Moreover, we have proved that a non-p-stable simple group contains a subgroup isomorphic to either Qd(p) or Q(p), or, if p = 3, Qd − (3) or 3 2 :(2 2. SL 2 (3)). Also, we determined the complete list of finite simple groups with this property by showing that one of the above groups are contained in them. We emphasise, however, that our list is not complete in the sense that a finite simple group may contain more than one group from the above list even if it has not been proven here. Also, it may contain a minimal non-p-stable group not listed here.
By all these, the question naturally arises: which groups are minimal nonp-stable at all? By the results presented here, these groups have a factor group isomorphic to Qd(p), but this is not a sufficient condition: in Example 1.12, we have found a p-stable group with Qd(p) as a factor group. It might be a reachable project to determine all minimal non-p-stable groups that occur as subgroups of finite simple groups.
By an old result, if a group is soluble, then it is section p-stable, but section p-stability does not imply solubility. For fusion systems, the converse is true: if a fusion system is section p-stable, then it is soluble, but a soluble fusion system need not be section p-stable (as for the fusion system of Qd(p) itself).
Also, for fusion systems of finite simple groups we have seen that p-stability and section p-stability are equivalent notions. However, this is not a general phenomenon as the fusion system of the group in Example 1.12 is p-stable but not section p-stable. Nevertheless, all of our examples of p-stable fusion systems are soluble as well. So the question arises: Are there p-stable fusion systems that are not soluble?
As soluble fusion systems have models, we can also ask: Are there exotic p-stable fusion systems? Recall that in Section 10, the exotic ones were all non-p-stable, so we do not have any examples for that at the moment.
